INDUSTRIAL & OPERATIONS
ENGINEERING

UNIVERSITY OF MICHIGAN

Frequency Stability—Constrained
Unit Commitment: Tight Approximation
using Bernstein Polynomials

Bo Zhou, Ruiwel Jiang, Siqian Shen
Department of Industrial and Operations Engineering

University of Michigan at Ann Arbor

Phoenix, Oct. 16, 2023




Outline

JIntroduction and Problem Formulation

2/27



Power System Frequency
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The frequency of power systems should be maintained closely around the nominal value
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General Frequency Dynamics

Frequency dynamics during an under-frequency event (a sudden loss of generation at ;)
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eventually reaches a steady state

nadir _
Inertia , Primary frequency regulation (PFR)

> to — t;: Inertia plays a major role in mitigating frequency drop (PFR does not respond effectively)
> t; — t;: PFR becomes significant, and the frequency eventually reaches a steady state
» tnadir: Iime to reach the nadir during the whole dynamics
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Frequency Security Metrics

Frequency dynamics during an under-frequency event (a sudden loss of generation at ;)

Frequency f A
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Governing Equations

Governing equations of system frequency dynamics

inertia ( ) load damping imbalance  PFR
dAf
2HS\/.S q —|—kDPdAf( ) AP, P;;f( )
Af( )|t ) = (Inltlal condition)
Total PFR power
Pin(t) =Y [P (1) +P (1)
d PPR ( I) /
T,i—= Py (1) = GgilgiA
ST il AU pPR(1y — G, inf (1)

P{éDJR (I) ‘TIO — 0 (Initial condition)

PFR power from thermal units PFR power from wind farms

i Notation:

i L: bus index

i kp:load damping rate

i P;: total power load

i AP : power imbalance

: T g/ Tw: response constant

Gy /Gy : droop factor

Hgys: total inertia

A f frequency deviation
PLR sys: total PFR power
! PPR/PPR PFR power

: g - online / offline status



Frequency—Secured Unit Commitment

Objective: Minimize operation cost

PR pPR
min ZZ Csu.i gtr+csc!:Dng‘|'C R [”L'_|_C

startup & shutdown cost PFR reserve cost

PR RPR

Subject to:

Piecewise linearization of fuel cost calculation
Logic constraint of unit status

Minimum online & offline time constraint
Frequency security constraint
Generation and ramping constraint

Power balance constraint

DC power flow constraint

Ref: B. Zhou, ]J. Fang, X. Ai, et al, “Partial-dimensional correlation-

aided convex-hull uncertainty set for robust unit commitment,”
IEEE Transactions on Power Systems, 38(03), 2434-2446, 2023.

+ZZZ¢0 Fyis

expected fuel cost
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Frequency—Secured Unit Commitm Souion

| S: scenario index
]
] . o
Objective: Minimize operation cost i T: period index
] C( ): cost coefficient
a)s probability of scenario S

PR
min ZZ Cm; g..T + Cyd. [Dg; T+ CPRRPJ T + CPRRH 7 ’L' ‘l‘ZZZ PW available wind power
[ S

H,/H,: inertia constant

startup & shutdown cost PFR reserve cost

w: integrated wind power
RgR /RER. PFR reserve

Subject to:

* Piecewise linearization of fuel cost calculation

* Logic constraint of unit status Governing equations

e Minimum online & offline time constraint Frequency security metrics

* Frequency security constraint _ T _
9 _ y y . H?}-‘S.’E — Z (Hg.tlg.z.r -+ Hr-v.z)
* Generation and ramping constraint i
* Power balance constraint PPR ) < RPR pPR (4 ( ) < RPR
. g:f( g2.1.T Wi, T Wi, T
 DC power flow constraint
s PR

Ref: B. Zhou, ]J. Fang, X. Ai, et al, “Partial-dimensional correlation- 0 < LL [T — < }):1{ T RH [, T
aided convex-hull uncertainty set for robust unit commitment,” 8/27

IEEE Transactions on Power Systems, 38(03), 2434-2446, 2023.



DAE-Constrained Optimization

Objective: Minimize operation cost

min ZZ CsuiUgie + CaaiDygie + ¢y Rei o+ Rigi ) +ZZZ®F§;T

startup & shutdown cost PFR reserve cost S expected fuel cost

Subject to: Two types of constraints
* Discrete-time constraints — mixed-integer linear equations, tractably handled by solvers
* Continuous-time constraints — differential algebraic equations (DAE)

dA
2H5\,5 f( ) +kDPdAf( ) AP(I _Rs]if( )
PPR GWJA
AF(1)]—0 =0 i (1) = GuiAf(1)
dPPR (1 PR PR
Toi— t( ) +PPR(1) = Gyl iAf (1) Poie(t) <Rgi: Pl () <R

PPR).—p = - -
ra (=0 Af(8)nadgic SAF  AS(0)]stcady < Aferr
dAf (1)

< } 9/27
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Bernsteln Polynomial Approximation

Core idea: Use Bernstein polynomial (BP) spline to approximate dynamics

F(t)

A Period T > | < Period 141 >
: FB2 : B2 :
| 2,0 | I:t+1 ¢ |
| | |
| | |
| | |
| | |
|
| |
| |
| |
| | |
| | |
: : FEJ}I — Dynamics :
: : —— BP spline :
' : — — - Control curve :
I[EBO [ e Control point |
L T 1 1 ’ t

-1 T T+1
3
BP spli — B,k — B\T
spline  F(t) F®% B3 (t) = (F°) Bs(t),t € [0,1]
k=0

3

Cubic BP B3’k(t) = (k

) tk(1—1t)37%,t €[0,1]
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Transformation — Part 1

According to F(t) = (FP)"B;(t), we have

1 1
> Integral term j F(t)dt = (FB)TJ B;(t)dt = 1T FB/4
0 0
fromOtol
N dF(t) B,1 B,0 B2 B,1 [B,3 B,2 B\T
» Derivative term i 3[FB1 — FBO B2 _ pB1 FB3 _ FB2\B, (t) = (W3FB) B,(t)
quadratic BP
> Equality equation Ft)=0¢& (FB)TBB(t) — 0o FBk =

undetermined coefficient method

How about inequality equations and ODEs? 12127



Convex-hull Property of BP

BP splines must be inside their corresponding control polygons

A B1 B2
max{FBk} ---------- Fo _____________________ ,lj ___________
, 7/
/
(=) P A
N

BP spline
- o— (Control curve
Control polygon

t

min{FB*} < F(t) < max{FP*}

> Inequality equation  F(t) < ¢ & max{F Bk < c e FBk < ¢
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Subdivision of BP

Break BP splines into several segments, then each segment is still a BP spline

A O A max{y,|P P} i de Casteljau’s algorithm
, / P2 QZ P3 \ i
\ 1
7 M M \ [ -
maX{F(t)}""/-’"-";--'l— ---------- ~E— 0\-2-\""*-\"-- max{y,|PeP,} i P1Qq = tyP1P;, P,Q, = toP,P;, P;Q3 = £y PsP,
- , R i1 Q1M = tpQ1Q2,Q2M; = £,Q2Q3
~ 4 = S Q : e
L (31,0 K \3 i leS = tOMlMZ
/7 \ i
/ — BP spline \ !
4 Y —eo— Control curve CO \\ i ASSllme Y(O) = FB, Wwe have Y(l) - AY(O)
—eo— Control curve C; i 1 0 0 01
Pl L 1L 1L 1L 1L L Con;trOI pOIlygon L L 1L P4> i 1 - tO tO O 0
0 . 1 i Al - (1 — to)z 2T0(1 — to) tg 0
| 1—1ty)3 319(1—1ty)* 3t2(1—1ty,) t3
Notation: i _'((1 tO))3 STO((l tO))Z 3t02( 1 tO)) t03_
P;: set of control points after i subdivision i 0 to 02 o 0 (2)
yp: value of control point P : r 0 0 1—¢ ;
Y . vector of ordinate of control points after i subdivision i 0 0 0 0 10

« L : ) A= [AT AT]T
Ref: W. Boehm and A. Mller, “On de Casteljau’s algorithm,” Computer Hr

14/27
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Transformation — Part 2

F(1)

By repeatedly implementing the subdivision property, we can narrow the gap between

BP splines and control curves

.......................... @ 1
A Py max{y,|P Py} BP spline
SN - e - Control curve C,
d ‘. - e - Control curve C,
/
. A Control curve C,
/
v v max{yp|PelP,} - « - Control curve C,
’ ULl N
, e . max{yp[PeP;} max{y.|PcP,}
IIIIIIIIIII L“llKllKIIKIIKIIKIIKIIQIKIIKIIKllkllkllkllkllKllllllllKllllllllllllllllllllllllllllllllllllll.....-..-.

max{P(t)}

y(m — D(m)y(m—l),m > 1

A

DM = (2m1 4)

A
ym — pm) ... pDy) = p(m)y(0)
l eliminate repeated control points

y@m) = [m)y(0)

enhancement matrix

max{F(t)} < max{yP|P € Pm}

» Inequality equation F(t) <c<J™FB <¢

» max{F(t)} < max{J"™FF}
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Operation Matrix of BP & Transformation — Part 3

Basic idea: Use (n — 1)th-order polynomial to approximate nth-order terms

1r

t* ~ at3 +bt* +ct+d e
o8f | —:at3+bt*+ct+d

— ! €rror

- error X 10

f th (t) dt = LB;(t)
0

operational matrix

dP(t) PO > ftdp(t)
0

t
dt dt dt:JF(t)dt=> 02 o1 02 03 04 05 06 07 08 08 1
0

t T [ T Maximum error: 0.006122
PO = PO) = joF(t)dt = (F) joBg(t) de ~ (F) LBs(®) Average error: 0.004104

Ref: S. A.Yousefi, M. Behroozifar. Operational matrices of Bernstein polynomials and their applications.

International Journal of Systems Science. 2010, 41(6): 709-716 16/27



> Integral term
from O to 1

> Integral term

fromOtot

> Derivative term
> Equality equation

> Inequality equation

Transformation Rules

According to F(t) = (FP)"B;(t), we have

1
f F(t)dt = 1T FB/4
0

j tF(t)dt ~ (FB)TLB;3(t)
0

dF (t)

T (W3 FB)TB,(t)

F(t) =0 FBk =0

Ft)<ceJMFB <
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Mixed—integer linear reformulation

Objective: Minimize operation cost

PR pPR PR PR )
min ZZ Csu.i gzr‘l'cfdzDgtt‘l'C R :T_I_C RHJT —I_ZZZCOF!T

expected fuel cost

startup & shutdown cost PFR reserve cost

Subject to:
* Discrete-time constraints — mixed-integer linear equations, tractably handled by solvers

e (Continuous-time constraints — mixed—integer linear equations

2H gy B B T A /B T PR.B
W (AFE —AfE ) +koPL"AfE = LT (AP — PI*0)

B.3 2][‘H9~\*5.T > APy ¢ JAfg < A_f
Afr’ mt‘f—l _AfDB Afff m,“r>l Afff_l

T, ; N Aforr
Q. (PPR.B . PPR.B ) —I—LTPPR B Gg_j]g_,‘LT (Afff o Ang) kDPa’Aferr + GS,\-‘S.‘C (A]Cerr - AfDB) > APy ¢

h-—cf g.1.7 g.1.7'ini g.i.7!
PRB!\ ‘ O PRBA ‘ L R.B.3
=1 — T'>1 — C

ﬁ.’t T ini g 1,7 .ini g.,7'—1 JPPR_B RPR JPPRB R{z}f ]

g.i.?:.f’ — gt w,i, 7,7 —

RS = G (afE - Arly) s

w,i. T/
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An Example

1 H is the horizon considered for frequency dynamics
i 153.25 + 2 >Af o1
4 Simulink H=5 H=10 ----- H=20 ----- H=30
20 ¢ 0.015"L /= " CTl 0 T T T T T >
1+ 10s /| af - u[.» 10 15 20 25 30
= -0.1
25 ¢ 0.0IST /; " (:12 .g
L+ 4s 4K 202 AT+ —F—FF—FF——1+F semmmmmmmas
A ~a = ," ,-" ~
18 . wis| /L G3 2 -0.3 T .
1+ 6s any; § '_::';,'f_'-—-' N,
z-04 -
20 0.015"L /| W =
. 7| af| -0.5
Time (s)
NADIR VALUES AND THEIR RELATIVE ERRORS UNDER DIFFERENT H
. . Simulink BP approximation
» A shorter H results in a higher accuracy, but imulin

H=5s H=10s H=20s H=30s

may not cover the frequency nadir :
Nadir value (Hz) — —0.3884 —0.3778 —0.3892 —0.3866 —0.3759

> A conservative H causes a pOOI’ accuracy Relative error N/A 2.73% 0.20% 0.46% 3.21%
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Segment—wise Approximation

1-segment BP approximation is not able to fit frequency dynamics for infinitely long
e A rnulti—segrnent BP approximation produces better performance

* The number of constraints increases linearly with the number of segments.

fA |« H
fo

»
»

4

=
ﬁ‘
A

Il
—_

B e e —— —— — — — — — — — — — — — —

|
L)
\
\
\
\
|‘
\ T
\
\
\
\
\
\
L
.- 0y A ieeemmmmEETT

\
\

Frequency dynamics
----- BP spline

We suggest an uneven division of H

> the early segments should be shorter for a more accurate estimate of nadir

> the latter segments should be longer to relieve computational burden 21/27



An Example

: H = 30s, even division
” 153.2s + 2 ” Af 0.1
20 ’ 0.015“ /L G1 0 >
1+ 10s ) i) = 30
= -0.1
25 ; 0.015T /L G2 ;
1+4s i 202
2
18 . 0.01;L /L G3 g -0.3
1+ 6s ) i s
g -04
A oy . R - -
os| /] W = Simulink =1 ----- N=2 ==c-- N=4 —N=8
20 — /T3 05 :
Time (s)
NADIR VALUES AND THEIR RELATIVE ERRORS UNDER DIFFERENT N
. . Simulink BP approximation
More segments brlng a hlgher accuracy but N=1 N=2 N=4 N=38
increase the number of variables and constraints Nadir value (Hz) —0.3884 —0.3759 —0.3893 —0.3892 —0.3883
Relative error N/A 3.21% 0.23% 0.20% 0.02%
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An Example

H = 30s, uneven division

R 1 Af (such as 10%, 20%, 30%, 40%)
| 15325 + 2 >Af
0.1 A
03881 & : : ; >
20 ] wos] /| Gl 0 . . >
1+ 10s ) i) = ¢ 20 25 30
T -0.1
. =
25 * OmsT /; N o2 E -0.388399
1+4s i = -0.2
>
A . ’?
18 ” 0.015 /._ ’ G3 2 -0.3 /
1+ 6s / af | E
s -0.4 — Simulink
Y . P B
20 0.015‘ /| W R Proposed method
b / Af D -0.5 i
Time (s)

0.004% relative error

good accuracy!

23/27



An Example Compare with the existing piecewise linearization

method using 99 evaluation points

1 2i5< Il Piccewise linearization
i 153.2s + 2 *Af I BP approximation
2 -“
20 j wos] /| Gl 9
1+10s —>7s /o = 15
=
o)
25 ¢ 0_015T /; _ G2 g 14
1+4s =75 i 5
o)
3 . X 0.5
18 . oois| /o G3
1+ 6s —>7S / Af
'
W
oos| /|
20 ) A

The average relative error is one order of magnitude
Piecewise Linearization  BP approximation

lower than that of piecewise linearization _
Average relative error 0.5031% 0.0653%
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Conclusion

* We incorporated the frequency dynamics using DAEs into the stochastic
UC model and validated the effectiveness in deciding UC and PFR reserves

for frequency security

* We adopted BP splines to obtain a linear approximation of the DAEs and

demonstrated the high accuracy in depicting frequency dynamics
* The method can consider various control processes, such as the dead band!!!

* The method can be tractably applied to other types of dynamics, such as

natural gas dynamics!?l, temperature dynamics, etc.

[1] Bo Zhou, Ruiwei Jiang, Siqian Shen, “Frequency-Secured Unit Commitment:Tight Approximation using Bernstein
Polynomials,” IEEETransactions on Power Systems, 2"9 review. (arXiv: 2212.12088)
[2] Bo Zhou, et al, “Function-space optimization to coordinate multi-energy storage across the integrated electricity and

natural gas system,” International Journal of Electrical Power & Energy System, 2023. 26/27



Thank You for Attention!
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